We calculate gravitational perturbation quasinormal modes (QNMs) of non-singular Bardeen black holes (BHs) and singularity-free BHs in conformal gravity and examine their spectra in wave dynamics comparing with standard BHs in general relativity. After testing the validity of the approximate signal-to-noise ratio (SNR) calculation for different space based interferometers, we discuss the SNR of non-singular BHs in single-mode gravitational waveform detections in LISA, TianQin and TaiJi. We explore the impact of the Bardeen parameter and the conformal factor on the behavior of the SNR and find that in comparison with the standard Schwarzschild BHs, the increase of non-singular parameters leads to higher SNR for more massive non-singular BHs. We also examine the effect of the galactic confusion noise on the SNR and find that a dip appears in SNR due to such noise. For non-singular BHs, with the increase of the non-singular parameters the dip emerges for more massive BHs. Imprints of non-singular BHs on peaks and dips in SNR imply that non-singular BHs are likely to be distinguished from the standard Schwarzschild BHs when BHs are sufficient massive. The detections of non-singular BHs are expected to be realized more likely by LISA or TaiJi.
I. INTRODUCTION
Gravitational waves (GWs) were predicted by Einstein's general relativity (GR) a century ago and since then huge amount of effort has been put into investigating the existence of GWs and thereby testing GR. Recently, the first and by far the strongest GW event GW150914 was detected by LIGO Scientific Collaboration and Virgo Collaboration [1] . More detections of GWs [2] [3] [4] [5] [6] [7] have been reported afterwards. The landmark detection of GWs ended the era of a single electromagnetic wave channel observation of our universe. Successful detections of GWs announced the dawn of multi-messenger astronomy with GW as a new probe to study our universe.
The ground based interferometers (such as LIGO) inevitably suffer from the gravity gradient noise and seismic noise which lead to the limitation that the detection of GWs with frequencies lower than 10Hz is extremely challenging. However, it is of great significance to probe GWs in lower frequency bands because a large number of GW sources containing rich physics are expected to fall in the frequency bands from millihertz to hertz [8] . Among these sources, the mergers of massive black hole (MBH) binaries with mass between 10 3 M ⊙ and 10 7 M ⊙ are expected to happen frequently [9] [10] [11] , although there is no conclusive evidence yet. The existence of MBHs has been confirmed in the center of galaxies, for example a black hole named Sagittarius A* with mass about 4 × 10 6 M ⊙ was discovered in the center of our Milky Way [12] . To detect GWs from intermediate and super massive sources, we have to move our detectors to space. Laser Interferometer Space Antenna (LISA) [13] , TaiJi [14] and TianQin [15] are space based detectors to probe GWs with frequencies in the millihertz to hertz band.
Scientifically detecting GWs in space can disclose more physics of gravity. For the compact binaries, LIGO detected GW emission from the merger of binary neutron stars (BNS) (e.g. GW170817 [7] ). The characteristic of BNS was confirmed and the BNS was distinguished from the merger of binary black holes (BBHs) with the help of the electromagnetic observation (e.g. gamma-ray burst [16, 17] and kilonova [18] [19] [20] [21] [22] [23] ). However the electromagnetic signal of BNS can be too weak to be detected provided that the initial BNS are far away or initial BNS are massive and collapse into black holes (BHs) [24] [25] [26] leaving negligible matter outside. It is expected that space based GW detectors can help uncover the tidal deformability in the binary system, whether it is zero or not [27] can serve to determine the binary system being BBH or BNS. This signature can help understand better the galactic compact binaries. In addition, the quantum effect arising from the quantum correction to classical gravity theory around black hole event horizons can be encoded in GWs. It was argued that such quantum effect can be detected through the observation of GW echoes [28, 29] . The evidence for the echoes in GWs was disclosed in the LIGO observations [30] .
Echo promises a new way to probe the supersized BHs in distant galaxies. There will be space based GW detectors to watch out for these binary giants' binge, which can shed further light on the quantum nature of gravity. The waveforms of GWs detected by ground-based detectors [1] [2] [3] [4] [5] [6] successfully confirmed GR in the nonlinear and strong-field regimes. However, we know that GR is not complete, and in particular it is plugged with the singularity problem, the non-renormalization problem and has difficulties in understanding the universe at very large scales. These provide the motivations for conceiving modified theories of gravity. Whether the meddling with GR can produce GWs to be detected by ground based or space based detectors is an interesting question to be studied.
In this work we will concentrate on the study of an alternative theory of GR to accommodate singularity free black hole solutions to avoid the singularity problem in GR. The existence of singularities in the solutions to Einstein's field equations has been a longstanding problem. Hawking and Penrose proved a singularity theorem [31] which states that the singularity is unavoidable if GR holds and certain energy conditions are satisfied. An idea considering the quantum effect of gravity was proposed to eliminate singularities. In the vicinity of the singularity the curvature and energy density is so huge that the spacetime is strongly bended and the quantum nature of gravity dominates, while the classical GR description turns out to be inaccurate. Following this idea some attempts have been made [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] to alleviate the singularity problem although a consistent quantum theory of gravity is still absent so far. To cure the shortcoming of GR at infrared and ultraviolet scales, a wide class of modified theories of gravity has been constructed with the purpose of addressing conceptual and experimental problems emerged in the fundamental physics and providing at least an effective description of quantum gravity [42] . Considering the non-physical characteristics of singularities, it is natural to find non-singular solutions to Einstein's equations.
The first non-singular black hole solution was found by Bardeen and it was later revealed that such a non-singular solution could be regarded as the gravitational collapse of a magnetic monopole with nonlinear electromagnetic energy-momentum tensor playing the role of the source term in field equations [43] . In the conformal gravity frame, the black hole singularity could be removed under conformal transformations by taking advantage of the conformal symmetry of the spacetime [44] [45] [46] [47] [48] [49] [50] . The suitable conformal transformations can result in convergent curvature at coordinate r = 0 which usually corresponds to a singularity with divergent curvature in GR. In this sense, the spacetime singularity seems like an artifact under different choices of conformal gauges, just like the coordinate singularity at horizons which can be removed by proper coordinate transformations in GR. Because of the singularity-free feature of such non-singular BHs, it is reasonable to regard them as the realistic consequence of gravitational collapse of matter fields instead of the usual BHs with non-physical singularities.
It is of great interest to study the wave dynamics of such non-singular BHs and distinguish them from black hole solutions in GR. The study of wave dynamics outside BHs has been an intriguing subject for the last few decades (for recent review, see for example [51] ). A static observer outside a black hole can indicate successive stages of the wave evolution. After the initial pulse, the gravitational field outside the black hole experiences a quasinormal ringing, which describes the damped oscillations under perturbations in the surrounding geometry of a black hole with frequencies and damping times of the oscillations entirely fixed by the black hole parameters. The quasinormal mode (QNM) is believed as a unique fingerprint to directly identify the black hole existence and distinguish different black hole solutions.
We will employ the 13-th order WKB method with averaging of the Pade approximations suggested first in [52] to compute the QNM of non-singular BHs and compare it with the result of wave dynamics in usual BHs in GR. Since the numerical method we apply here has very high accuracy [53] , we expect to find the special signatures of non-singular BHs in the wave dynamics.
The detection of QNMs can be realized through gravitational wave observations. From the observational point of view, we can calculate the signal-to-noise ratio (SNR) from the ringdown signals of GWs originated from the gravitational perturbations around BHs. Thus based on the precise QNM spectrum, we can obtain the SNR in GW observations. Different imprints in QNMs caused by different black hole configurations can be reflected in behaviors of the SNR. In order to distinguish different black hole solutions through the study of black hole spectroscopy, we require large SNR in the black hole ringdown phase. It was pointed out in [54, 55] that to resolve either the frequencies or damping time of fundamental mode (n = 0) from the first overtone (n ′ = 1) with the same angular dependence (l = l ′ , m = m ′ ), the critical value ρ cri of SNR is required to be around ρ cri ≃ 100, while to resolve both the frequencies and damping time typically requires ρ cri ≃ 1000. The large SNR can serve as a smoking gun in GW observations to identify the existence of non-singular black hole solutions in alternative theories of gravity. In the following discussion, we will not only examine the SNR in LISA, but also extend the calculation of SNR to other space based GW observations, such as TaiJi and TianQin, to check the feasibility of testing the existence of non-singular BHs.
The organization of the paper is as follows. In Section II, we introduce the calculation of SNR for single-mode waveform detections. In Section III, we calculate the QNMs and the SNR for non-singular BHs in conformal gravity. In Section IV, we generalize such calculations to the case for non-singular Bardeen BHs. Finally in the last section we present our main conclusions. In Appendix A, we prove that the approximate formula in the SNR calculation developed in the context of LISA is general and can be applied to TaiJi and TianQin observations within acceptable errors.
II. THE SNR FOR SINGLE-MODE WAVEFORM
In this section, we give a brief review on how to calculate the SNR for a single-mode wave detection. The basic idea was proposed in [54] for LISA and we generalize the method to discuss the SNR for Tianqin and TaiJi.
The gravitational waveform composed of cross component h × and plus component h + emitting from a perturbed black hole (or from the distorted final black hole merging from supermassive black hole pairs) can be expressed as
where R lmω (r) is the radial Teukolsky function [56] with the approximation R lmω (r) ∼ r 3 e −iωr Z out lmω when r → ∞. Z out lmω is a complex amplitude. Now we assume that the gravitational waveform can be written as a formal QNM expansion and consider that the QNMs of the Schwarzschild and Kerr BHs always exist in pairs which should be included in the waveform expansion. In this way we have
where we have rewritten the complex Z out lmn in terms of a real amplitude A lmn and a real phase φ lmn , and we factor out the black hole mass M by Z out lmn = MA lmn e iφ lmn . In the above expansion, S lm (ι, β) stands for spin weighted spheroidal harmonics whose complex conjugate is denoted by S * lmn (ι, β), ι and β are angular variables, and l, m are indices analogous to those for standard spherical harmonics corresponding to a particular case of S lmn (ι, β) in which both the perturbation field and black hole spin are zero, n denotes the overtone number.
Note that we have the complex QNM frequency ω = ω lmn + i/τ lmn , where the real part denotes the oscillation frequency ω lmn = 2πf lmn and the imaginary part τ lmn is the damping time of the perturbation oscillation. For a single given mode labeled by (l, m, n), the real waveform measured at the detector can be expressed as a linear superposition of h + and h ×
in which we have the relation A +,× lmn e iφ +,× lmn = A lmn e iφ lmn ± A ′ lmn e −iφ ′ lmn , where the signs +(−) correspond to the +(×) polarizations respectively. The waveform h detected by a detector is given by
where F +,× are frequency dependent pattern functions (response functions) depending on the orientation ψ S of the detector and the direction (θ S , φ S ) of the source. For LIGO (in the long wavelength limit), we have
which are independent of the frequency. The sky and polarization averaged SNR is [54, 57] ,
whereh(f ) is the Fourier transform of the waveform, S N (f ) is the noise spectral density of the detector, S n (f ) is the detector sensitivity, R(f ) is the sky/polarization averaged response function. Especially, the response function R in the low frequency limit is
while the full expressions of F + (f ) and F × (f ) for LISA, TianQin and TaiJi are much more complicated and can be found in [58, 59] . We perform the Fourier transform of the waveform by using the relation
Based on Eq. (8) we can easily work out the Fourier transform of the plus and cross components,h
We add a correction factor 1/ √ 2 to serve as a compensation in amplitude because we are using the FH convention (developed by Flanagan and Hughes [60] ) to calculate the SNR.
In the FH convention, the waveform for t < 0 is assumed to be identical to waveform for t > 0 and therefore we can replace the decay factor e −t/τ lmn with e −|t|/τ lmn in the Fourier transform such that a compensation is needed for the doubling. Then we can insert Eq.
(9) into Eq. (6a) and do the integration to calculate SNR. However, as described in [54] , a simple analytical formula of SNR can be derived by making some approximations in the calculation. In this way, we have the SNR expression as [54] ,
where S 0 = 1.59×10 −41 Hz −1 , F lmn is the dimensionless frequency defined by F lmn = Mω lmn , ǫ rd is the radiation efficiency, M ⊙ is the solar mass and M is the black hole (source) mass, Q lmn is a dimensionless quality factor of QNMs defined by
and D L (z) is the luminosity distance which can be expressed as a function of cosmological redshift z of the source in the standard flat ΛCDM cosmological model as
We shall take the matter density Ω M = 0.32, the dark energy density Ω Λ = 0.68 and the Hubble constant H 0 = 67 km s −1 Mpc −1 . Eq. (10) was derived in the context of LISA by making some approximations such as S lmn ≃ R(S lmn ) and large Q lmn limit. We will show that these approximations and the derivation steps of Eq. (10) are not dependent on specific interferometric detectors, therefore Eq. (10) could be applied to other space based detectors such as TianQin and TaiJi. We will discuss the generality of the approximate SNR formula Eq. (10) in more details in Appendix A, and show that this formula is applicable to TianQin and TaiJi.
For the calculation of SNR, we will adopt the following noise and response functions for all three space based detectors [61] S
in which L is the detector arm length and f * = c/(2πL) is the transfer frequency, S a is the acceleration noise and S x is the position noise of the instruments, and we list these parameters for three detectors in Table. I.
In addition to the noise of the detectors, an effective noise can be generated by the galactic binaries. For LISA, the galactic noise can be well fitted as [57, 62] S
and the total sensitivity can be obtained by adding S c (f ) to S n (f ). The effects of the galactic noise on the SNR for LISA will be discussed later, and the parameters we are going to use for the four year mission lifetime are A = 9 × 10 −45 , α = 0.138, β = −221, κ = 521, γ = 1680, and f k = 0.0013 [57] .
We show the root sensitivity curve for LISA, TianQin and TaiJi in Fig. 1 , from which we can see that the sensitivity value of TianQin is higher than that of LISA in the frequency range f 0.01Hz and the sensitivity value of TianQin can be higher than Taiji when f 0.04Hz. For the rest regions of frequency respectively, the LISA and TaiJi have higher sensitivity than that of TianQin, which suggests that comparing to TianQin, LISA and
TaiJi are better for gravitational wave detections at lower frequencies (usually corresponds to higher black hole mass), while for higher frequencies we should turn to count on TianQin.
In addition, we can see that the sensitivity of TaiJi is always lower than that of LISA in the whole frequency band which implies that TaiJi can be more sensitive to detect the gravitational wave signals emitted from the same source when compared with LISA. 
III. SNR FOR NON-SINGULAR BHS IN CONFORMAL GRAVITY

A. Quasinormal modes of non-singular BHs in conformal gravity
The metric of non-singular BHs in conformal gravity can be expressed as [63] 
where ds 2 Schw is the Schwarzschild spacetime line element, with f (r) = 1 − 2M/r, the factor S(r) is [63] 
and N is an arbitrary positive integer and L is a new length scale. The additional conformal factor S(r) making the spacetime singularity-free distinguishes the metric (15) 
where we have used tortoise radius defined by dr/dr * = f (r), H (−) is the radial part of the axial gravitational perturbation, ω is the QNM frequency, the effective potential V is [64] V (r) = f (r) l(l + 1)
and Z(r) = S(r)r.
In [64] , the 6th order WKB method was adopted to compute the QNM of the non-singular black hole configuration. In our numerical computation, we employ the 13th order WKB approximation. In the study of gravitational perturbations in the Schwarzschild black hole [52] , comparing with the accurate numerical result, it was found that the 13th order WKB is more precise than the 6th WKB approach. It was argued that the WKB approximation works in satisfactory accuracy in calculating the QNM once l >> n [65] , while does not work well for high overtone modes. In [64] the discussion on the QNM was only limited to the lowest QNM for the gravitational perturbation. Including the Pade approximation, it was observed that there is a great increase of accuracy in calculating the QNM by using the WKB approach, furthermore with averaging of the Pade approximation accurate calculations can be achieved not only in the lowest mode, but also for the overtone modes with slightly bigger n than l, however the numerical results are still not much reliable for n ≫ l, even if the Pade approximation is included [52] .
In our numerical computation, we employ the 13th order WKB approximation method with averaging of the Pade approximations [52] to calculate the QNMs of the axial gravitational perturbation on the background of non-singular BHs. We show our results in Tables   II and III where we express the QNM frequency in a dimensionless variable Mω.
In Table. II where we fix the parameter L, we find that with the increase of N both the real part representing the oscillation frequency and the magnitude of the imaginary part relating to the damping time of QNMs will increase, which implies that with the increase of the parameter N in the non-singular black hole in conformal gravity, the gravitational perturbation can have more oscillations but die out faster. Comparing to the non-singular black hole backgrounds, we find that the perturbation of the Schwarzschild black hole with N = 0 can last longer. Our result confirms that reported in [64] where they limited their discussion to a fixed angular index l. Since we have adopted the Pade approximation, we can accurately calculate QNMs for the change of n, l until n = l (to keep numerical accuracy, n > l is not considered in our discussion). In the Schwarzschild background, for the same overtone mode when the angular index l becomes higher, we observe that the real parts of frequency are always higher, while the imaginary part is higher for n ≤ 2, but decreases when n > 2. However this property does not hold for non-singular BHs with N = 0. In non-singular holes, for the same overtone modes the higher angular number l always results in a higher real part of the frequency but smaller imaginary part of the frequency, which suggests that for the same overtone mode the perturbation with higher angular index may last longer for non-singular BHs while in the Schwarzschild black hole perturbation the mode l = 2, n = 0 is always the longest one.
In Table. III we present the frequencies of QNMs for a fixed N parameter. With the increase of L, the real part of QNMs monotonously increases while the imaginary part increases from L = 0 to L = 2 but then decreases continuously with the further increase of L. This behavior agrees to the result reported in [64] for a fixed angular index l. Employing the Pade approximation, we accurately calculated QNMs with our 13th WKB approach for different n, l even when n = l. Similar to the Schwarzschild black hole, for the non-singular BHs we find that for the same overtone modes, with the increase of the angular number l, the real part of the frequency increases. The absolute imaginary part of the frequency for nonsingular BHs presents different behaviors from that of the Schwarzschild background when L is not big enough. For the same overtone mode, with the increase of the angular number l, the absolute imaginary part of the frequency for a non-singular black hole decreases instead of increasing as in the Schwarzschild background. This is consistent with the picture we Table. II, for the same overtone mode the perturbation for a non-singular black hole with a larger angular index l may last longer, which is different from the case in the Schwarzschild background, where the fundamental mode n = 0, l = 2 always dominates.
The result of changing L looks more complicated than that for the change of N given above.
When L = 15, the QNM frequencies return to the similar behavior with the change of n, l to that in the Schwarzschild background. In this case, for the same overtone number, we can see that the real part of the frequency increases monotonously with the angular number l, while for n ≤ 1 the imaginary part is higher for larger l, but for n > 1 it decreases when increasing l.
Precise numerical results of the QNM frequencies for different (n, l) are useful to calculate the multi-mode SNR of this non-singular black hole. However in this work we will concentrate on the single-mode SNR. Different from the Schwarzschild black hole, it looks that in the non-singular black hole background the mode n = 0, l = 2 is not apparently the dominant mode. Instead, for the same overtone mode, the imaginary frequency for a bigger angular index implies that the perturbation may last longer in the non-singular black hole.
However, we notice that in the limit l → ∞, the effective potential V (r) ≈ f (r)l 2 /r 2 , which reduces to that of Schwarzschild BHs, which makes it difficult to distinguish the modes between the non-singular black hole and the Schwarzschild black hole in the large l limit.
In the face of complicated data, actually a criterion to determine the dominant mode was suggested in [66] . We can find the dominant mode by choosing min{ ω 2 R + ω 2 I }. Applying this criterion, we find that it is always the n = 0, l = 2 mode that serves the dominant mode in the perturbation, which holds also in the non-singular black hole. If we look at the relation Eq. (A5) between the GW amplitude A lm and the energy radiation efficiency ǫ rd , the n = 0, l = 2 mode always has the strongest amplitude corresponding to more powerful energy in this mode. This further guarantees that the n = 0, l = 2 mode dominates in the perturbation in the non-singular black hole. Now we can compare the same dominant single-mode SNR for the non-singular black hole and the Schwarzschild black hole, which allows us to explore their imprints in GWs.
B. SNR by LISA, TianQin and TaiJi
In this subsection we calculate the SNR for LISA, TianQin and TaiJi by using the QNMs we have obtained for non-singular BHs in conformal gravity. We explore the SNR related to the dominant mode n = 0, l = 2 in both of the non-singular and Schwarzschild BHs. At first we would like to focus on the discussion of SNR for LISA, and then we will take TianQin and TaiJi into consideration for comparisons.
In Fig. 2 we show the SNR curve by fixing the parameter L, while changing the parameter N. We can see that with the increase of the mass, the SNR will grow, which implies that LISA is more sensitive to GW signals generated by BHs with greater mass. For the Schwarzschild black hole with N = 0, the SNR will reach the maximum when the black hole mass becomes ∼ 10 6 M ⊙ . Thus for the Schwarzschild black hole LISA is most sensitive when the black hole mass is around 2 × 10 6 M ⊙ . Considering the non-singular black hole with bigger N, we see that the SNR is smaller than that of the Schwarzschild black hole when the black hole mass is below 2 × 10 6 M ⊙ and with the increase of N, the SNR is more suppressed when the black hole mass is within this value. However when the black hole is more massive, the SNR of non-singular BHs catches up and exceeds further the value of the Schwarzschild black hole. We observe that a bigger N will have the maximum SNR appearing for more massive non-singular BHs. It is apparent that the bigger radiation efficiency ǫ rd will lead to the higher SNR as a natural result. In Fig. 3 we show the SNR at a fixed parameter N but with changing of the parameter L in each plot. The general feature in this case is similar to that illustrated in Fig. 2 , the non-singular black hole has higher SNR when the black hole becomes more massive. Comparing Fig. 2 and Fig. 3 , we observe that the SNR is more sensitive to the change of the parameter N than to the change of L. When the galactic confusion noise is taken into consideration (bottom rows) in Fig. 2 and Fig. 3 , we see a dip appears when the black hole mass is a few times of 10 6 M ⊙ , for non-singular BHs with bigger L and N the dip starts to appear for more massive BHs. For smaller masses, the effect on SNR is negligible.
In Fig. 4 we show the effect of the angular index on the SNR for LISA. When the black hole mass is ∼ 10 6 M ⊙ , it is clear to see that the higher angular number always leads to a lower SNR because usually the signals with higher angular number are more subdominant in the energy distribution so that they result in smaller amplitudes. However, one may note that the maximum SNR for the larger angular number is higher when the black hole becomes more massive, which seems in contrast to our intuitions. This can be understood by the competition between the signals and noise. In the lower frequency region (corresponding to more massive BHs) we fix the black hole mass, and from Fig. 1 we can see that the noises which appear in the denominator in the SNR formula decreases with the increase of frequency related to the increase of the angular number of modes, while the strength of the signals which appear in the numerator is reduced with higher angular numbers, and this situation gives rise to the decrease of both signal strength and noise thus leading to the result that the modes with higher angular number will have higher SNR when BHs become very massive, as what we have demonstrated in Fig. 4 . When the black hole becomes non-singular with bigger N, the difference in SNR caused by the angular index can be suppressed, which is just a direct consequence that the difference of the mode amplitudes among different angular numbers is reduced by increasing the parameter N.
In Fig. 5 we show a comparison of SNR among LISA, TianQin and TaiJi. From this figure one can see that there exists a maximal value of SNR for all these three detectors, and the mass related to the maximal SNR grows when the BHs deviate extensively from the Schwarzschild ones. It is clear to see that there exists a critical mass M cri in each plot. For the mass range M < M cri , the SNR for TianQin is higher than LISA implying that TianQin is more sensitive to GWs emitted from BHs with comparatively smaller masses, while for For the two plots in the top row, the galactic noise is not included and the red curves and blue curves correspond to the radiation efficiency ǫ rd = 3% and 0.1%, respectively, while for the two plots in the bottom row we set ǫ rd = 3%, and the red curves denote the SNR without including the galactic noise and the blue curves denote the SNR affected by the galactic noise. more massive BHs with M > M cri the LISA and TaiJi is more sensitive for the detection.
Different sensitivities of these three detectors were also reflected in the root sensitive curve shown in Fig. 1 which demonstrated that LISA and TaiJi are more sensitive to lower frequency (corresponding to bigger BHs) and TianQin is more sensitive to comparatively higher frequency GW signals (corresponding to smaller BHs). It is interesting to note that the critical mass M cri is related to the parameter N, which increases when the black hole deviates more from the standard Schwarzschild black hole. It is noticeable that in the whole frequency band (from low frequency to high frequency) the SNR of TaiJi is higher than LISA, which is consistent with the sensitivity demonstrated in Fig. 1 . Comparing the values of M cri and the locations of the dominant mode peaks of SNR for different nonsingular parameters, LISA and TaiJi are more promising to distinguish non-singular BHs from the standard Schwarzschild ones.
IV. SNR FOR NON-SINGULAR BARDEEN BHS
A. Quasinormal modes of Bardeen BHs
The metric of the non-singular Bardeen black hole is [67] ds 2 = −f (r)dt 2 + 1 f (r) dr 2 + r 2 (dθ 2 + sin θ 2 dφ 2 ), where f (r) is given by [67] f (r) = 1 − 2Mr 2
The parameter β can be regarded as the charge of a self-gravitating magnetic monopole system with mass M. To ensure the existence of BHs, the parameter β must be restricted to be β 2 ≤ 16 27 M 2 and one can clearly see that when β = 0 the metric reduces to the Schwarzschild black hole. This parameter β makes the spacetime non-singular, which leads to different dynamical behaviors of the gravitational perturbation in contrast to that of the Schwarzschild black hole.
The master equation for the axial gravitational perturbation was given by [68] 
where the effective potential V (r) reads
in which κ = 8π, and
In [68] the QNM was calculated by using the 3rd WKB method. It was found that compared with high order WKB approaches, the numerical result obtained by the 3rd WKB method is not very accurate [69] . In order to distinguish this non-singular black hole from the Schwarzschild black hole, we need very accurate results of the QNM spectrum. Therefore, in our calculations we will employ the 13th order WKB method and the Pade approximation to guarantee the high precision in our numerical computation.
We list our result in Table. IV. Analyzing the frequency of QNMs, we learn that with the increase of β, the real part of the QNM frequency increases for every fixed l, n mode, while the imaginary part of the perturbation frequency decreases for any given l > 2 with different n. Our result is different from that in [68] , where it was claimed that the imaginary frequency keeps almost the same for different choices of β. This is because their 3rd WKB method is not accurate enough to show the details. Moreover in [68] the behavior of QNMs with the change of the angular number l is not discussed. With the Pade approximation, we are in a position to analyze carefully the dependence of the QNM frequency on the angular index l and the overtone number n until the limit n ∼ l. With the increase of l at the same overtone number n, we find that both the real part and the imaginary part monotonously increase for β = 0 and β = 0.3 in the condition n ≤ 2 and n ≤ 1, respectively. For bigger β, for example β = 0.6, the imaginary part behaves differently. We have the spectrum of more accurate QNM frequencies for different modes. Hereafter we will focus on the calculation of single-mode SNR. For the complicated data, it is not easy to find the dominant mode in the gravitational perturbation. Here we will use again the criteria suggested in [66] by examining min{ ω 2 R + ω 2 I }, which tells us that the mode n = 0, l = 2 is dominant in both the non-singular and the Schwarzschild BHs. Taking into account that the n = 0, l = 2 mode always has the strongest amplitude A lm , it gives us further confidence to employ the n = 0, l = 2 mode to calculate the SNR in our following discussion. Following the discussion in Section III, here we are going to discuss the SNR of the GW signal to be detected by LISA for non-singular Bardeen BHs at first, and then we will make a comparison of SNR among different space GW detectors, such as LISA, TianQin and TaiJi.
For the non-singular Bardeen black hole and the Schwarzschild black hole having the same dominant mode, it is easy to compare their single-mode SNR.
We show the SNR curves for the Bardeen BHs with three different values, β = 0, β = 0.3 and β = 0.6 in Fig. 6 . In the left panel we do not consider the galactic noise, while in the right panel the noise is included. The general property of the SNR in this case is quite similar to that reported above for the non-singular conformal BHs in Section III. When the black hole mass M < 2 × 10 6 M ⊙ , the SNR for the Schwarzschild BHs with β = 0 is higher than that of the non-singular Bardeen BHs with a non-zero β. However for more massive BHs, the SNR for the non-singular Bardeen black hole exhibits higher peaks for bigger β.
In Fig. 7 we demonstrate the effect of the angular index on the SNR for the Bardeen BHs with β = 0 and β = 0.6. Similar to the case for conformal BHs in Section III, we find that higher l will accommodate higher SNR when the black hole becomes very massive. But this l influence on the SNR will be smoothed out by the increase of β.
In Fig. 8 
V. CONCLUSIONS
In this paper we have calculated the quasinormal modes (QNMs) of the non-singular Bardeen BHs and singularity-free BHs in conformal gravity. We have also calculated their corresponding SNR in the single-mode waveform detection of GWs by the future space based interferometers, such as LISA, TianQin and TaiJi. We have found that the approximate formula (10) of SNR is not only valid for LISA, but also applicable to TianQin and TaiJi.
Using this approach, we have calculated SNR for LISA, TianQin and TaiJi. We have investigated the impact of the conformal factor on the behavior of the SNR and found that the increase of the conformal factor will lead to a higher SNR for more massive BHs. For the Bardeen BHs, similar phenomena are also observed that a bigger Bardeen parameter β will result in a higher SNR, when the Bardeen black hole is very massive. Once the black hole mass is ∼ 10 6 M ⊙ , usually the GW perturbation in the Schwarzschild black hole has higher SNR and the non-singular modification cannot show up. The signature of the non-singular modification will emerge when BHs become more massive. Comparing the SNRs among LISA, TianQin and TaiJi, we found that the SNR of TianQin is always higher than that of LISA and TaiJi when the black hole is not so massive. However for the black hole with mass over a critical mass, LISA and TaiJi will have stronger SNR compared to that of TianQin.
Interestingly, this critical mass increases when the black hole deviates significantly from the Schwarzschild black hole. In our study, we have found that the effect of the galactic confusion noise is not negligible, and its influence on the Schwarzschild black hole appears when the black hole mass is a few times of 10 6 M ⊙ , but for non-singular BHs the effect of the galactic noise will play an important role only for more massive holes. For the non-singular BHs, considering that their SNR peaks and dips appear for more massive BHs, it is expected that the LISA and TaiJi have more potential to distinguish them from the Schwarzschild black hole.
We have only studied the SNR for the single mode detection in this paper, and it is worth extending the discussion to multi-mode detections and making parameter estimation with the detected ringdown signals. For the multi-mode discussion, we have provided very accurate QNM frequency samples, which contain important properties for non-singular BHs.
Besides we have only concentrated on BHs without angular momenta. Considering that BHs with rotation are more realistic in the universe, so it would be very interesting to generalize our investigations to probe QNMs and SNR for rotating non-singular BHs. where χ f is the final spin parameter and the fitting coefficients are listed in Table. V. The amplitudes A + lm = A × lm = A lm are given by [71, 72] A 22 (ν) = 0.864ν, (A2a) 
where (m 1 , m 2 ) are the masses and (χ 1 , χ 2 ) are the spin parameters of the original BHs. The energy radiation efficiency ǫ rd appeared in Eq. (10) is related to the amplitude A lm by [54] A lm = 32Q lm ǫ rd Mf lm (1 + 4Q 2 lm )
.
(A5)
We have omitted the overtone index n in our expressions because only n = 0 modes are considered here. The SNR obtained by Eq. (6a) is denoted by ρ int ,
where f low is taken to be the half of the (2, 1) mode oscillation frequency and f high is taken to be two times of the (4, 4) mode frequency, and we also take the angle average < |S lm | 2 >= 1/4π for all modes following the average made in Ref. [54] . Now we have calculated ρ F H by adopting the approximate formula Eq. (10) and ρ int obtained from the direct integral (A5) for comparison. In Fig. 9 we show the behavior of the ratio ρ int /ρ F H with the change of the black hole redshifted mass M z for four different single QNMs. This figure shows that the value of ρ int is close to ρ F H , which suggests that the approximate formula Eq. (10) we have applied to calculate SNR for TianQin and TaiJi is feasible with acceptable errors in a single-mode wave detection.
